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$i \frac{\partial u}{\partial t}=(D^{2}+V(x))u$, $x\in \mathbb{R}^{1},$ $t\in \mathbb{R}$
$u(0, x)=u_{0}(x)$ , $x\in \mathbb{R}^{1}$ ,
(1.1)
$D=-i\partial/\partial x$ . $V(x)$ $V^{(j)}(x)$
$V(x)$ $j$ , $A$ $\langle A\rangle=(1+|A|^{2})^{\frac{1}{2}}$ .
Ll $V(x)$ $C^{3}$ , $R>0$ $\geq R$
:
(1) $V(x)$ .
(2) $j=1,2,3$ $C_{j}$ , $|V^{(j)}(x)|\leq C_{j}\langle x\rangle^{-1}|V^{(j-1)}(x)|$ .
(3) $k>2$ , $D_{1}\langle x\rangle^{k}\leq V(x)\leq D_{2}\langle x\rangle^{k}$ , $0<D_{1}\leq D_{2}<\infty$ .
$V$ $V$ ( ) .
1.1 , $C_{0}^{\infty}(\mathrm{R})$ $D^{2}+V(x)$
$L^{2}(\mathrm{R})$ . $H$ . $H$









. $\theta(k,p)$ $2\leq p\leq\infty,$ $2<k<\infty$ .
$\theta(k,p)=\{$
$\frac{1}{k}(\frac{1}{2}-\frac{1}{p})$ , if $2\leq p<4$ ;
$( \frac{1}{4k})_{-}$ , if $p=4$ ;
$\frac{1}{4}-\frac{1}{3}(1-\frac{1}{p})(1-\frac{1}{k})$ , if $4<p\leq\infty$ ,
$a_{-}$ $<a$ .
12 $V$ 1.1 . $2\leq p\leq\infty,$ $\alpha+\beta\leq\theta(k,p)$ . ,
$C>0$
$||g(t)\langle i\partial/\partial t\rangle^{\alpha}\langle H\rangle^{\beta}e^{-itH}u_{0}$ (x)||Lp(Rx’L2(Rt))\leq C||g||Hz1+ $(\mathbb{R})||u_{0}||_{L^{2}(\mathbb{R}_{x})}$ , (1.2)
$g\in H^{\frac{1}{4}+\frac{1}{2k}}(\mathbb{R})$ $u_{0}\in L^{2}(\mathbb{R})$ .
, $x$ $\mathbb{R}$ , 12
$\theta(k, p)$ $2\leq p\leq\infty$ $\frac{1}{2k}$
L3 $V$ 1.1 . $K\subset \mathbb{R}$ , $\alpha,$ $\beta\in \mathbb{R}$ $\alpha+\beta\leq\frac{1}{2k}$
. , $C>0$ ,
$\sup_{x\in K}||g(t)\langle i\partial/\partial t\rangle^{\alpha}\langle H\rangle^{\beta}e^{-itH}u_{0}(x)||_{L^{2}(\mathbb{R}_{t})}\leq C||g||_{H}\#+*(\mathbb{R}_{t})||u_{0}||_{L^{2}(\mathbb{R}_{x})}$ (1.3)
$g\in H^{\frac{1}{4}+\frac{1}{2k}}(\mathrm{R})$ $u_{0}\in L^{2}(\mathbb{R})$ .
(1.2) (1.3) G $\langle i\partial/\partial t\rangle^{\alpha}\langle H\rangle^{\beta}e^{-itH}=\langle i\partial/\partial t\rangle^{\alpha+\beta}e^{-itH}=\langle H\rangle^{\alpha+\beta}e^{-itH}$
. If 12
13
1.4 $V$ 1.1 . $2\leq p<\infty,$ $K\subset \mathbb{R}$ .
, $C>0$ :
$||\langle D_{x}\rangle^{2\theta(k,p)}e^{-itH}u_{0}||_{L^{p}(\mathbb{R}_{x},L^{2}((-T,T)_{t}))}+||\langle x\rangle^{k\theta(k,p)}e^{-itH}u_{0}||_{L^{p}(\mathbb{R}_{x},L^{2}((-T,T)_{t}))}\leq C||u_{0}||_{L^{2}(\mathbb{R}_{x})}$.
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$1/k-itH$
$||\langle D_{x})$ $e$ $u_{0}||_{L^{2}((-T,T)_{t},L^{2}(K_{x}))}\ovalbox{\tt\small REJECT} C||u_{0}||_{L^{2}(\mathbb{R})}$ . (1.5)
(1.5) , $u_{0}\in L^{2}(\mathbb{R})$ $t\in \mathbb{R}$ $e^{-itH}u_{0}(\cdot)\in H_{1\mathrm{o}\mathrm{c}}^{1/k}(\mathbb{R})$ ,






, [St], [P], [Br], [GV1], [Y1], [V], [CS], [KY], [Sj],
[KPV], [BAD], [GV2], [BT], [HK], [Su], [H] . ,





[Y3] ). $T>0$ , $\Phi\in C_{0}^{\infty}(\mathbb{R}^{n})$ $\theta\geq 2$ $\alpha\geq 0$
$0 \leq\frac{2}{\theta}=2\alpha+n(\frac{1}{2}-\frac{1}{p})\leq 1$ . (1.6) $\alpha=0$
. (1.6) $L^{p}$ . $u(t, \cdot)$ $p>2$ $p$ ,
$t$ $U$ , $IP$ $u_{0}\in L^{2}(\mathbb{R}^{n})$
(1.7) differentiability improving
property $p=\theta=2$ $\alpha=1/2$ (1.7) , (1.5) $k=2$
.
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. , (1.6) (1.7)
. ,
(1.1) , $e^{-itH}$ $E(t, x, y)$
$C|x|^{2}$
( ([Y4]): , $V(x)=o(|x|^{2})$ $E(t, x, y)$
$t\neq 0$ , , $V(x)=O(\langle x\rangle^{2})$
, $V(x)\geq C\langle x\rangle^{2+\in},$ $\epsilon>0$ , $E(t, x, y)$
$C^{1}$ ,
([MY]). (1.6) $|t|$ $|E(t, x, y)|\underline{<}C|t|^{-n/2}$
, (1.7) $x(t)=e^{itH}xe^{-itH}$ ,
$\int_{-T}^{T}\Phi^{2}(x(t))dt$ -1
,
$E(t, x, y)$ (1.1)
?
$E(t, x, y)$ $\rho\in C_{0}^{\infty}(\mathbb{R}^{3})$
.
,
$|\overline{\rho E}(\tau, \xi, \eta)|\leq C(|\tau|+|\xi|^{2}+|\eta|^{2})^{-1/k}$ , (.1.8)
, $\wedge$ ([Y4], Remark 12). ,
Zygmund ([Z]) $\mathrm{T}=\mathbb{R}/2\pi \mathbb{Z}$
$H=D^{2}$ $||e^{-itH}u_{0}||_{L^{4}(\mathrm{T}\cross \mathrm{T})}\leq C||u_{0}||_{L^{2}(\mathrm{F})}1$ .
, $\mathrm{T}=\mathbb{R}/2\pi \mathbb{Z}$ $u_{0}\in L^{2}(\mathrm{T})$ ,
$t$ , $u(t, \cdot)\in L^{4}(\mathrm{T})$
. , $H$ $E_{0}(t, x, y)= \sum_{n=-\infty}^{\infty}e^{-in^{2}t+in(x-y)}$ , $E_{0}$ $(t, x, y)$ (
$\langle$ , (1.8) $E_{0}$ .
.
, $E(t, x, y)$




(1.2) , $t$ [K1]
. [K1] $M\in L^{n+\epsilon}(\mathbb{R}^{n})\cap L^{n-\epsilon}(\mathbb{R}^{n}),$ $\epsilon>0$ ,
$||Me^{it\Delta}u_{0}||_{L^{2}(\mathbb{R}_{t,x}^{n+1})}\leq C$(llMllLn-\epsilon (R $||M||_{L^{n+\epsilon}(\mathbb{R}^{n})}$ ) $||u_{0}||_{L^{2}(\mathbb{R}_{x}^{n})}$ ,
([KY] C||M||Ln(Rn)||7j0||L2( )
). [KPV] $\mathrm{t}_{\sqrt}\mathrm{a}$ .
(1.7) , .
$H$ , $u_{0}$ $U$ . $U$
$t<0$ non-trapping (1.7) $\alpha=1/2$
, ([CKS], [D1][D2]).
$H$ ,
. $\lambda_{1}<\lambda_{2}<\cdotsarrow\infty$ , $\psi_{1},$ $\psi_{2}\ldots$
. 12, 13 , $\lambda_{n}arrow\infty$ $\psi_{n}$ $L^{p}$
. $A,$ $B$ , $c_{1},$ $c_{2}$
$c_{1}A\leq B\leq c_{2}A$ , $A\sim B$ .
L5 1.1 . $\psi(x, E)$ $H=-\triangle+V(x)$ $E$
. , :
(1) $1\leq p\leq\infty$ . $E$
$||\psi(x, E)||_{L^{p}}\sim\{$
$C_{p}E^{-\theta(k,p)}$ , if $p\neq 4$ ; (1.9)
$CE^{-}\pi^{1}(\log E)^{\frac{1}{4}}$ , if $p=4$ ,
$C_{p}$ $p\not\in(4-\epsilon, 4+\epsilon),$ $\epsilon>0$ , $p$ .
(2) $K\subset \mathrm{R}$ . $E$ $\sup_{x\in K}|\psi(x, E)|\sim E^{-\frac{1}{2k}}$ .
1.6(1.2) G $u_{0}(x)=\psi_{n}(x)$
$||g(t)\langle i\partial/\partial t\rangle^{\alpha}\langle H\rangle^{\beta}e^{-itH}u_{0}(x)||_{L^{p}(\mathbb{L},L^{2}(\mathrm{R}_{t}))}=||g||_{L^{2}}\langle\lambda_{n}\rangle^{\theta(k,p)}||\psi_{n}||_{L^{p}(\mathbb{R})}$ .
15(1) 12 $\alpha+\beta\leq\theta(k,p)$ ,
1.5(2) L3 $1/2k$ sharp . $\theta(k,p)$
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$1/2k$ $k$ . $k$
$k$ ([Y4]). $p$ $\theta(k,p)$ $2\leq p<4$ f \coprod ,




$i \frac{\partial u}{\partial t}=-\triangle u+V(x)u+f(x, u)$ , $x\in \mathbb{R}$, $t\in \mathbb{R}$,
$u(0, x)=u_{0}(x)$ , $x\in \mathbb{R}$
(1.10)
$L^{2}$ well-posedness . $r\geq 1,$ $\delta>0$ :
$X=L^{4}(\mathbb{R}_{x} ; L_{lo\mathrm{c}}^{2r}(\mathbb{R}_{t}))\cap C(\mathbb{R}_{t}, L^{2}(\mathbb{R}_{\mathrm{r}})),$ $X_{\delta}=L^{4}(\mathbb{R}_{\mathrm{r}} ; L^{2r}((-\delta, \delta)_{t}))\cap C((-\delta, \delta)_{t},$ $L^{2}(\mathbb{R}_{\mathrm{r}}))$ ;
$\mathrm{Y}=L_{loc}^{2r}(\mathbb{R}_{t}\cross \mathbb{R}_{x})\cap C(\mathbb{R}_{t}, L^{2}(\mathbb{R}_{\mathrm{r}})),$ $\mathrm{Y}_{\delta}=L^{2r}((-\delta, \delta)_{t},$ $L_{lo\mathrm{c}}^{2r}(\mathbb{R}_{x}))\cap C((.-\delta, \delta)_{t},$ $L^{2}(\mathbb{R}_{x}))$ .
1.7 $V$ 1.1 . $1 \leq r<\frac{2k}{2k-1}$ $\phi(x)\in L^{\frac{4}{2-r}}(\mathbb{R})$ .
$f(x, u)$ :
$|f(x, u)|$ $\leq$ $C|\phi(x)||u|^{r}$ , $x\in \mathbb{R}$, $u\in \mathbb{C}$ , (1.11)
$|f(x, u)-f(x, v)|$ $\leq$ $C|\phi(x)||u-v|(|u|^{r-1}+|v|^{r-1})$ , $x\in \mathbb{R}$, $u,$ $v\in \mathbb{C}$ . (1.12)
, (1.10) $u_{0}\in L^{2}(\mathbb{R})$ $X$
, , $\delta>0$ (1.10) $X_{\delta}$ $u(t, x)$ ,
$L^{2}(\mathbb{R})\ni u_{0}-*u\in X_{\delta}$ . $t_{\sim}^{-}f$
$f(x, u)\overline{u}$ is real for $x\in \mathbb{R}$, $u\in \mathbb{C}$ , (1.13)
(110) $X$ . , $u(t, x)$ $\mathbb{R}$
, $L^{2}(\mathbb{R})\ni u_{0}-*u\in X_{T}$ $T>0$ .
L8 $V$ 1.1 . $1 \leq r<\frac{k}{k-1}$ , $K\subset \mathbb{R}$ .
$f$ $x\not\in K$ $f(x, u)=0$ .
$|f(x, u)|$ $\leq$ $C|u|^{r}$ , $x\in K$, $u\in \mathbb{C}$, (1.14)
$|f(x, u)-f(x, v)|$ $\leq$ $C|u-v|(|u|^{r-1}+|v|^{r-1})$ , $x\in K$, $u,$ $v\in \mathbb{C}$. (1.15)
, (1.10) $u_{0}\in L^{2}(\mathbb{R})$ $\mathrm{Y}$ .
$f$ (1.13) (1.10) $\mathrm{Y}$ .
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. 2 15 Titchmarsh [T1], [T2]
Langer turning point theory . 3 12, 13
15 . 17, 18 4
.
2 $L^{p}$ estimate of eigenfunctions
$\psi(x, E)$
$-\psi’’(x)+V(x)\psi(x)=E\psi(x)$ (2.16)
, $||\psi(\cdot, E)||_{L^{2}(\mathrm{R})}=1$ . (2.18),
(2.19) Titchmarsh ([T1], [T2]) . $E>0$ , $V(X)=E$
$X$ . $x>X$ $V(x)>E,$ $0\leq x<X$ $V(x)<E$ .
$\zeta(x)=\int_{X}^{x}\sqrt{E-V(t)}dt$ , (2.17)
. $x>X$ , $\arg\zeta(x)=\pi/2,$ $x<X$ $\arg\zeta(x)=-\pi-$ .





(2.18) $C_{E+}^{-1}\psi^{+}(x, E)$ , $C_{E-}^{-1}\psi^{-}(x, E)$ $x<0$ $\psi$ .
2.1
$||\psi(x, E)||_{L^{p}(\mathrm{R})}$ $\sim$ $||\psi(x, E)||_{L^{p}(\mathrm{R})}++||\psi(x, E)||_{L^{p}(\mathrm{R}^{-})}$
$\sim$ $X^{-\frac{1}{2}}E^{\frac{1}{4}}(||\psi^{+}(x, E)||_{L^{p}(\mathrm{R}}+)+||\psi^{-}(x, E)||_{L^{p}(\mathrm{R}^{-})})$ (2.20)
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. $\psi^{+}(x, E)$ $L^{p}$ . $\psi^{-}(x, E)$ . $q(y),$ $Q(x)$
$q(y)= \frac{V(yX)}{V(X)}$ , $Q(y)=\{$
$- \int_{y}^{1}\sqrt{1-q(s)}ds$ , if $y<1$ ;





22 $V$ 1.1 . $K>1$ . , $L$
, $|X|\geq L$ :
$1-q(y)$ $1-y$ , for $0\leq y\leq 1$ ,
$q(y)-1$ $y-1$ , for $1\leq y\leq K$ , (2.22)
$q(y)-1$ $y^{k}$ , for $y\geq K$ ,
$\mathrm{B}^{\mathrm{a}\vee\supset}$
$Q(y)$ $-(1-y)^{3/2}$ , for $0\leq y\leq 1$ ,
$-iQ(y)$ $(y-1)^{3/2}$ , for $1\leq y\leq K$ , (2.23)
$-iQ(y)$ $y^{1+k/2}$ , for $y\geq K$ .
, $E$ $X$ 22 $|X|\geq L$ .
$\psi^{+}(x, E)=E^{-\frac{1}{4}}[1-q(x/X)]^{-\frac{1}{4}}G(E^{\frac{1}{2}}XQ(x/X), E)$
,
$\int_{0}^{\infty}|\psi^{+}(x, E)|^{p}dx=XE^{-\mathrm{E}}4\int_{0}^{\infty}|1-q(y)|^{-R}4|G(E^{\frac{1}{2}}XQ(y), E)|^{p}dy$ .
(2.18) $G(x, E)$ . $O(\ldots)$ 22
.
$\delta(p)=\{$
$(4-p)^{-1}$ , if $p<4$ ;
$\log(E^{\frac{1}{2}}X)$ , if $p=4$ ;
$(p-4)^{-1}(E^{\frac{1}{2}}X)^{L^{-\underline{4}}}6$ , if $p>4$ .
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$H_{\frac{(1}{3}}^{1)}(\zeta)$ , $H_{\frac{(1}{3}}^{1)}(\zeta)$ (cf. [T1](7.1.8), (7.8.5),
(7.8.7) $)$ :
(1) $\zeta=-z<0$ , $H_{\frac{(1}{3}}^{1)}( \zeta)=\frac{2}{\sqrt{3}}e^{-\frac{1}{6}\pi i}\{J_{\frac{1}{3}}(z)+J_{-\frac{1}{3}}(z)\}$ ,
$\zeta^{\frac{1}{2}}H_{\frac{(1}{3}}^{1)}(\zeta)=\{$
$2^{\frac{3}{2}}\pi^{-\frac{1}{2}}e^{\frac{1}{3}\pi i}\{\cos(z-(\pi/4))+O(z^{-1})\}$ $(zarrow\infty)$ ,
$\frac{2^{\frac{2}{3}}}{\sqrt{3}}\frac{e^{\frac{1}{3}\pi i}}{\Gamma(2/3)}z^{\frac{1}{6}}(1+O(z))$ $(zarrow 0)$ .
(2.25)
(2) $\zeta=iw$ $w\geq 0$ , $H_{\frac{(1}{3}}^{1)}( \zeta)=\frac{2}{\pi}e^{-\frac{2}{3}\pi i}K_{\frac{1}{s}}(w)$
$\zeta^{\frac{1}{2}}H_{\frac{(1}{3}}^{1)}(\zeta)=\{$
$O(e^{-w})$ $(warrow\infty)$ ,
$2^{\frac{1}{s}}e^{-\frac{1}{6}\pi}\pi^{-1}\Gamma(1/3)w^{\frac{1}{6}}+O(w^{\frac{3}{2}})$ $(warrow \mathrm{O})$ . (2.26)
2.4 $C>0$ $E\geq E_{0}$ :
$\int_{0}^{\infty}|(1-q(y))^{-_{4}}|\epsilon\zeta^{\frac{1}{2}}H_{\frac{(1}{3}}^{1)}(\zeta)|^{p}dy\leq C^{p}\delta(p)$ , $\zeta=E^{1/2}XQ(y)$ . (2.27)
. $\int_{0}^{1}+\int_{1}^{K}+\int_{K}^{\infty}\cdots dy=II_{1}+II_{2}+II_{3}$ . $0\leq y\leq 1$ $\zeta=$
$E^{1/2}XQ(y)\sim-E^{1/2}X(1-y)^{3/2}<0$ . $N>0$ $II_{1}$ $N<E^{1/2}X(1-$
$y)^{3/2}$ $II_{11}$ $II_{12}$ . (2.25) $II_{11}$
, $II_{12}$
$II_{11} \leq C^{p}\mathfrak{g}_{(E}\}_{X)^{-\S}}\int_{0}^{1-N}(1-y)^{-R}4dy\leq C^{p}\delta(p)$ , (2.28)
$II_{12} \leq C^{p}(E^{1/2}X)^{R}6N8E^{1/2}\int_{0}^{(X)^{-\S}}y^{-R}4y^{R}4dy=C^{p}N^{\frac{2}{3}}(E^{1/2}X)^{L^{-\underline{4}}}6\leq C^{p}\delta(p)$ . (2.29)
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$1\leq y\leq K$ $q(y)-1\sim y-1$ $w=-i\zeta\sim E^{1/2}XQ(y)(y-1)^{3/2}>0$ . $II_{2}$
$w\geq 1$ $II_{21}$ $0\leq w\leq 1$ $II_{22}$ , (2.26) $II_{21}$
$II_{22}$ ,
$II_{21} \leq C^{p}\int_{1+C(X)^{-2/3}}^{K}E^{1/2}4(y-1)^{-R}dy\leq C^{p}\delta(p)$ . (2.30)
$II_{22} \leq C^{p}c(X)^{-2/3}\int_{0}^{E^{1/2}}y^{-R}4(E^{1/2}Xy^{3/2})^{R}6dy\leq C^{p}(E^{1/2}X)^{E_{\frac{-4}{6}}}\leq C^{p}\delta(p)$. (2.31)
$K\leq y<\infty$ , $q(y)-1\sim y^{k},$ $w\sim E^{\frac{1}{2}}Xy^{1+\frac{k}{2}}$ . (2.26)
$II_{3}\leq C^{p}$ $\oint$ y e-cpEl/2Xy1l7 $dy\leq C^{p}e^{-\varphi E^{1/2}}x\leq C^{p}\delta(p)$ . (2.32)
$K$
, (2.27) . I
25 $C>0$ , $E\geq E_{0}$ :
$\int_{0}^{1}|(1-q(y))^{-R}4|\zeta^{\frac{1}{2}}H_{\frac{(1}{3}}^{1)}(\zeta)|^{p}dy\geq C^{p}\delta(p)$ , $\zeta=E^{1/2}XQ(y)$
Proof. $II_{11}$ . $N$ (2.25) $|O(1/z)|\leq 1/10$ $\backslash \backslash ^{\backslash }$ $z\geq N$
, $C>0$ , $z=-\zeta\sim E^{\frac{1}{2}}X(1-y)^{\frac{3}{2}}\geq N$ $CN^{2/3}(E^{1/2}X)^{-2/3}<$
$1-y<1$ . (2.25) , $E\geq E_{0}$
$II_{11}\geq$ $C^{p} \int_{N^{2/3}}(E^{1/2}X)^{-\mathit{2}/3}<1-y<1(1-y)^{-p/4}|\cos((-\frac{\pi}{4})+O(\frac{1}{\zeta})|^{p}dy$
$\geq$ $(C/2)^{p} \int_{N^{2/3}}(E^{1/2}X)^{-2/3}<1-y<1,|\mathrm{c}\text{ }\mathrm{s}(\zeta-\pi/4)|>\sqrt{2}/2(1-y)^{-p/4}dy\geq\epsilon_{N}C^{p}\delta(p)$
. $\epsilon_{N}>0$ . $\mathrm{I}$
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L5 . (1) .
$|| \psi(x, E)||_{L^{p}(0,\infty)}\sim X^{\frac{1}{p}-\frac{1}{2}}(\int_{0}^{\infty}|1-q(y)|^{-\mathrm{E}}4|G(E^{\frac{1}{2}}XQ(y), E)|^{p}dy)\frac{1}{p}$ .
. (2.24), (2.27) $p\not\in(4-\epsilon, 4+\epsilon),$ $\epsilon>0$ $p$ ( $C_{p}$
$||\psi(x, E)||_{L^{p}(0,\infty)}\sim X^{\frac{1}{p}-\frac{1}{2}}\delta(p)^{\frac{1}{p}}\sim\{$
$C_{p}E^{-\frac{1}{k}(\frac{1}{2}-\frac{1}{p})}$ , if $p<4$ ;
$CE^{-\frac{1}{4k}}(\log E)^{1/4}$ , if $p=4$ ;
k-4 k-l
$C_{p}E\overline{1}2\tau^{-}\overline{3}\mathrm{p}\mathrm{T}$ , if $p>4$
(2.33)
. $||\psi(x, E)||_{L^{p}(\mathrm{R}^{-})}$ (1.9) .
25 .
(2) . (2.18) $x\in K$ . (2.19)
$|C_{E+}^{-1}(E-V(x))$ $O( \frac{E^{-\frac{1}{2}}X^{-1}e^{-1\mathrm{m}\zeta}|\zeta|^{1/6}}{1+|\zeta|^{1/6}})|\leq CX^{-\frac{1}{2}}(E^{-\frac{1}{2}}X^{-1})$ . (2.34)
$x\in K$ , $\zeta=-z\sim-E^{\frac{1}{2}}X(Earrow\infty)$ (2.25)
$C_{E+}^{-1}[E-V(x)]^{-\frac{1}{4}}( \pi\zeta/2)^{\frac{1}{2}}H_{1/3}^{(1)}(\zeta)\sim X^{-\frac{1}{2}}\{\cos(z-\frac{\pi}{4})+O(E^{-\frac{1}{2}}X^{-1})\}$ (2.35)
$X\sim E^{1}\mathfrak{x}$ (2) (2.34) (2.35) . I
3Smoothing properties
15 12, 13 .
$e^{-:tH}u_{0}(x)= \sum_{n=1}^{\infty}e^{-:t\lambda_{n}}\hat{u}_{0}(n)\psi_{n}(x)$ (3.1)
. $\hat{u}_{0}(n)=\int_{\mathrm{R}}u_{0}(x)\psi_{n}(x)dx,$ $n=1,2,$ $\ldots$ 1J
$\Delta\lambda_{n}\equiv\lambda_{n+1}-\lambda_{n}\geq C\lambda^{2\overline{7}^{\underline{2}}}\frac{k}{n}$ , (3.2)
$\lambda_{n}\geq Cn\mathrm{r}^{2k}\mp 2,$ $n=1,2,$ $\ldots$ (cf. e.g. [Y4]).
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3.1 $p$ $u_{0}\in D(H^{\ell})$ .
$||g(t)e^{-itH}u_{0}$ (x)||2L2(Rt)\leq Ca||g||2H0 $( \mathrm{R})\sum_{n=1}^{\infty}|\hat{u}_{0}(n)\psi_{n}(x)|^{2}$, $\forall x\in \mathbb{R}$. (3.3)
15 (3.1) . $\hat{g}$ $2^{j}$ (3.2) , $\lambda$
$\hat{g}(\lambda+\lambda_{n})\neq 0$ $\lambda_{n}$






$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{h}_{0}\subset\{\lambda : |\lambda|<1\}$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{h}_{\pm j}\subset\{\lambda : \pm 2^{|j|-2}<\lambda<\pm 2^{|j|}\},$ $j=1,2,$ $\ldots$ .
$\text{ }$
.
$’ g= \sum_{j=-\infty}^{\infty}g_{j},\hat{g}_{j}=\hat{g}\hat{h}_{j}$ . (3.4)
$||g(t)e^{-itH}u_{0}(x)||_{L^{2}(\mathbb{R}_{t})}^{2} \leq C\sum_{j=-\infty}^{\infty}||\hat{g}_{j}||_{L^{2}(\mathbb{R})}^{2}2^{j(\frac{1}{2}+\frac{1}{k})}\sum_{n=1}^{\infty}|\hat{u}_{0}(n)\psi_{n}(x)|^{2}$
\leq C||g||2H#+ $( \mathbb{R})\sum_{n=1}^{\infty}|\hat{u}_{0}(n)\psi_{n}(x)|^{2}$ . 1
Minkowski
$||( \sum_{n=1}^{\infty}|\hat{u}_{0}(n)\psi_{n}(x)|^{2})^{1/2}$ $L^{p}=|| \sum_{n=1}^{\infty}|\hat{u}_{0}(n)\psi_{n}(x)|^{2}||_{L^{p/2}}^{1/2}\leq(\sum_{n=1}^{\infty}|\hat{u}_{0}(n)|^{2}||\psi_{n}(x)||_{L^{p}}^{2})^{1/2}$ .
15
$C_{p}( \sum_{n=1}^{\infty}|\hat{u}_{0}(n)|^{2}\lambda_{n}^{-2\theta(p)})^{1/2}=C_{p}||H^{-\theta(p)}u_{0}||_{L^{2}}$ . (3.5)
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(3.3) (3.5)
$||g(t)e^{-itH}u_{0}$ (x)||Lp $(\mathbb{R}_{x},L^{2}(\mathbb{R}_{t}))\leq C_{p}||g||_{H}\mathrm{i}+$ $(\mathbb{R})||H^{-\theta(p)}u_{0}||_{L^{\mathit{2}}(\mathbb{R})}$ . (3.6)
$D(H^{l})$ $L^{2}(\mathbb{R})$ , (3.6) $L^{2}(\mathbb{R})$ . I
L3 . 15(2)
$\sup_{x\in K}\sum_{n=1}^{\infty}|\hat{u}_{0}(n)|^{2}|\psi_{n}(x)|^{2}\leq C\sum_{n=1}^{\infty}|\lambda_{n}^{-\pi^{1}}\hat{u}_{0}(n)|^{2}=C||H^{-\frac{1}{2k}}u||_{L^{2}(\mathbb{R})}^{2}$ . (3.7)
(3.3) (3.7) 13 . $\bullet$
4
17 18 . 18 , 17
. , $u(t, x)$ , $u(t)$ $u$
. $g$ $|t|\leq\delta$ $g(t)=1$ , 12, 13
|| $\langle$ i\partial / t)0 $\langle H\rangle$ \beta e-|.tHu0||Lp(R*’L2([-J, t)) $\leq C_{\delta}||u0||_{L^{2}}$ , $\alpha+\beta=\theta(k, p)$ , $p\geq 2$ ; (4.1)
$\sup_{x\in K}||\langle i\partial/\partial t\rangle^{1/2k}e^{-:tH}u_{0}||_{L^{2}([-\delta},\eta_{t})\leq C_{\delta}||u_{0}||_{L^{2}}$ . (4.2)
18 $t\geq 0$ . $t\leq 0$ .
$u(t)=e^{-:tH}u_{0}-i \int_{0}^{t}e^{-i(t-s)H}f(x, u(s))ds$ (4.3)
. $\delta>0$ $K_{\delta}=[0, \delta]\cross K$ $\mathrm{Y}_{\delta}(K)$
$\mathrm{Y}_{\delta}(K)=C([0, \delta], L^{2}(\mathrm{R}))\cap L^{2r}(K_{\delta})$, $||u||_{Y_{\delta}(K)}\equiv||u||_{L}\infty([0,\eta,L^{2}(\mathrm{R}))+||u||_{L^{2r}(K_{\delta})}$
, $\Psi$ : $\mathrm{Y}_{\delta}(K)arrow \mathrm{Y}_{\delta}(K)$
$\Psi(u)=e^{-\dot{\iota}tH}u_{0}-i\Phi(u)$ , $\Phi(u)=\int_{0}^{t}e^{-:(t-s)H}f(x, u(s))ds$ (4.4)
. $B_{M}=\{u\in \mathrm{Y}_{\delta}(K):||u||_{Y_{\delta}(K)}\leq M\}$ .
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4.1 $\Psi$ $\mathrm{Y}_{\delta}(K)$ well defined . $||u_{0}||_{L^{\mathit{2}}(\mathbb{R})}$ $M>0$ $\delta>0$
: $\Psi$ $B_{M}$ ,
$|| \Psi(u)-\Psi(v)||_{Y_{\delta}(K)}\leq\frac{1}{2}||u-v||_{Y_{\delta}(K)}$ , $u,$ $v\in B_{M}$ . (4.5)
. $u_{0}\in L^{2}(\mathbb{R})$ $e^{-itH}u_{0}\in C(\mathbb{R}, L^{2}(\mathbb{R}))$ . (4.2)
$e^{-itH}u_{0}\in L$“ $(K_{x}, L^{2r}([0, \delta]_{t}))$ . $e^{-itH}u_{0}\in \mathrm{Y}_{\delta}(K)$
$||e^{-itH}u_{0}||_{Y_{\delta}(K)}\leq c_{1}||u_{0}||_{L^{\mathit{2}}}$ . (4.6)
$\chi(s<t)$ $0<s<t$ $\chi(s<t)=1$ , $\chi(s<t)--0$ . $x\not\in K$
$f(x, u)=0$ (114) , $u\in \mathrm{Y}_{\delta}(K)$ $f(x, u(t, x))\in L^{2}([0$ , \mbox{\boldmath $\delta$} $]$ t $\cross$ R
$||f(x, u(t, x))||_{L^{2}(K_{\delta})}\leq C||u||_{L^{2r}(K_{\delta})}^{r}$ (4.7)
. $\Phi(u)\in C([0, \delta], L^{2}(\mathbb{R}))$
$||\Phi(u)||_{L^{\infty}([0,\delta];L^{2}(\mathbb{R}))}\leq C\delta^{\frac{1}{2}}||u||_{L^{2r}(K_{\delta})}^{r}$ (4.8)
. Minkowski (4.2), (4.7)
$||\Phi(u)||_{L^{2r}(K_{\delta})}$ $\leq$ $\int_{0}^{\delta}|||\chi(s<t)e^{-itH}\{e^{isH}f(x, u(s, x))\}||_{L^{2r}(K_{\delta})}ds$
$\leq$ $C \int_{0}^{\delta}||f(x, u(s, x))||_{L^{\mathit{2}}(K)}ds\leq C\delta^{\frac{1}{2}}||f(x, u)||L^{\mathit{2}}(K_{\delta})$
$\leq$ $C\delta^{\frac{1}{2}}||u||_{L^{\mathit{2}r}(K_{\delta})}^{r}$ . (4.9)
(4.9) (4.6), (4.8) $\Psi$ $\mathrm{Y}_{\delta}(K)$ well-defined .
, $\delta>0$ $c_{1},$ $c_{2}$
$||\Psi u||_{Y_{\delta}(K)}\leq||e^{-itH}u_{0}||_{Y_{\delta}(K)}+||f(u)||_{Y_{\delta}(K)}\leq c_{1}||u_{0}||_{L^{2}}+c_{2}\delta^{\frac{1}{2}}||u||_{Y_{\delta}(K)}^{r}$. $(4.1\acute{0})$
, $M$ $M>2c_{1}||u_{0}||_{L^{\mathit{2}}},$ $\delta<(2c_{2}M^{r-1})^{-2}$ , $||u$ } $|_{Y_{\delta}(K)}\leq M$









, (4.6) Minkowski H\"older
$|| \Psi(u_{1})-\cdot\Psi(u_{\dot{2}})||_{L^{2r}(K_{\delta})}\leq\int_{0}^{\delta}||\chi(s<t)e^{-itH}e^{:sH}[f(x, u_{1})-f(x, u_{2})]||_{L^{2r}(K_{\delta})}ds$





$\delta$ $\delta<\min\{(2c_{2}M^{r-1})^{-2}, (4c_{3}M^{r-1})^{-2}\}$ (4.5) . 1
L8 . , 4.1 $\Psi$ $u\in B_{M}$
(4.3) $\mathrm{Y}_{\delta}(K)$ $u$ . $u_{0}$
$u_{0},\tilde{u}_{0}\in L^{2}(\mathrm{R})$ $u,\tilde{u}$ . , (4.6)
(4.13)
$||u-\tilde{u}||_{Y_{\delta}(K)}\leq c_{1}||u_{0}-\tilde{u}_{0}||_{L^{2}}$ $ $c_{3}\delta^{1}\Sigma(||u||_{Y_{\delta}(K)}^{t-1}+||\tilde{u}||_{Y_{\delta}(K)}^{r-1})||u-\tilde{u}||_{Y_{\delta}(K)}$
$||u-\tilde{u}||\gamma_{\delta}(K)\leq c\}|u_{0}-\tilde{u}_{0}||_{L^{2}}$ $\delta>0$ .
$f$ (113) $||u(t)||_{L^{2}}=||u_{0}||_{L^{2}}$ . , $u(t)$
$[0, \infty)$ . $||u_{0}||_{L^{2}(\mathrm{R}_{x})}$ .
, $u(t, \cdot)$ $L^{2}(\mathrm{R}_{x})$- $L^{2}(\mathrm{R})\ni u_{0}\vdash\star u\in C([0, T], L^{2}(\mathrm{R}))\cap L^{2\mathrm{r}}([0, T]_{t}\cross K)$
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$T>0$ , . $||u(t)||_{L^{2}}=||u_{0}||_{L^{\mathit{2}}}$
, (4.3) $||\cdot||_{L^{2}(\mathbb{R}_{x})}^{2}$ . L2( )
$(\cdot, \cdot),$ $||\cdot||,$ $f(t, x)=f(t, u(t, x))$ .
$||u(t)||=||e^{-itH}u_{0}-i \int_{0}^{t}e^{-i(t-s)H}f(s, x)ds||^{2}$
$=||u_{0}||_{L^{2}}^{2}-2{\rm Re}(u_{0},$ $i \int_{0}^{t}e^{isH}f(s, x)ds)+\int_{0}^{t}\int_{0}^{t}(e^{isH}f(s, x),$ $e^{itH}f(r, x))dsdr$.
:
$\int_{0}^{t}(f(s, x),$ $\int_{0}^{s}e^{-i(s-r)H}f(r, x)dr)ds+\int_{0}^{t}(\int_{0}^{r}e^{-i(r-s)H}f(s, x)ds,$ $f(r, x))dr$
$= \int_{0}^{t}(f(s, x),$ $iu(s)-ie^{-isH}u_{0}))ds+ \int_{0}^{t}(iu(r)-ie^{-irH}u_{0}, f(r, x))dr$
$=2{\rm Re}(u_{0},$ $i \int_{0}^{t}e^{isH}f(s, x)ds)$ .
, $\text{ }$ $u$ \Re , (1.13) $4\ovalbox{\tt\small REJECT}$ . $\mathrm{I}$
17 . 18 .
$\mathrm{Y}_{\delta}(K)$
$||u||_{X_{\delta}}--||u||_{L\infty([0,\delta]_{t};L^{2}(\mathbb{R}_{x}))}+||u||_{L^{4}(\mathbb{R}_{x};L^{\mathit{2}r}([0,\delta]_{t}))}$
$X_{\delta}=C([0, \delta]_{t};L^{2}(\mathrm{R}))$ \cap L4( ; $L^{2r}([0,$ $\delta]_{t})$ ) .
$\Phi,$ $\Psi$ (4.4) . $B_{M}=\{u\in X_{\delta} : ||u||_{X_{\delta}}\leq M\}$ ,
$u_{0}\in L^{2}(\mathbb{R})$ , $\Psi$ $||u_{0}||_{L^{2}}$ $\delta>0,$ $M>0$ $B_{M}$
. $e^{-itH}u_{0}\in X_{\delta}$ $||e^{-itH}u_{0}||x_{\delta}\leq C||u_{0}||_{L^{2}}$ ,
(4.1) (4.2) . $e^{-itH}u_{0}\in L^{4}(\mathbb{R}_{x}; L^{2\mathrm{r}}([0, \delta]_{t}))$
. $f$
$||f(u)||_{L^{\infty}([0,\delta]_{t;}L^{2}(\mathbb{R}_{x}))} \leq\int_{0}^{\delta}||f(x, u(s))||_{L^{2}}ds\leq C\int_{0}^{\delta}|||\phi(x)||u(s)|^{r}||_{L^{2}}ds$
$\leq C\delta^{\frac{1}{2}}\{\int_{[0,\delta]\cross \mathbb{R}}|\phi(x)|^{2}|u(t, x)|^{2r}dtdx\}^{\frac{1}{\mathit{2}}}=C\delta^{\frac{1}{2}}\{\int_{\mathbb{R}}|\phi(x)|^{2}||u(t, x)||_{L^{2r}([0,\delta]_{t})}^{2\mathrm{r}}dx\}^{\frac{1}{2}}$




$||f(x, u(t, x))||_{L^{4}(\mathbb{R}_{x};L^{2r}([0,\delta]_{t}))}\leq C\delta^{\frac{1}{\mathit{2}}}||u||_{X_{\delta}}^{r}$ ; (4.15)
, $M$ $\delta$ $\Psi$ $B_{M}$ $B_{M}$ .
18 . I
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